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We investigate the derivational complexity induced by the (basic) depen- 
dency pair method based on reasonably strong base orders. Suppose the 
derivational complexity induced by a (direct) termination method is closed 
under elementary functions. Then we show that the derivational complexity 
induced by the dependency pair method based on this termination technique 
is the same as for the direct technique. In particular this implies that the 
derivational complexity induced by the dependency pair method based on 
lexicographic path orders or multiset path orders is multiple recursive or 
primitive recursive, respectively. Moreover for the dependency pair method 
based on Knuth-Bendix orders, we obtain that the derivational complexity 
function is majorised by the Ackermann function. These characterisations 
are essentially optimal. 
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1 Introduction 

In order to assess the complexity of a (terminating) term rewrite system (TRS for short) 
it is natural to look at the maximal length of derivation sequences, as suggested by Hof- 
bauer and Lautemann in [l^ . More precisely, the derivational complexity function with 
respect to a (finite and terminating) TRS TZ relates the length of the longest derivation 
sequence to the size of the initial term. For direct termination methods a considerable 
number of results establishes (essentially optimal ) up per bounds on the growth rate of 
the derivational complexity function. See e.g. l^, 16| for recent results in this direction. 



However, for transformation techniques like semantic labelling [2ll] or the dependency 
pair method [H the situation changes drastically. It is a trivial observation that labelling 
with finite models exactly preserves the derivational complexity of a TRS. This obviously 
holds for infinite models, as well. However, it is not as easily applicable in this setting 
since the labelled TRS is infinite, so bounding the derivational complexity might be even 
harder for the labelled TRS than for the original TRS. Apart from this trivial case, only 



partial results are known. With respect to semantic labelling, [15|| establishes bounds on 
the derivation length of TRS, when natural numbers are used as labels and termination 
is shown via the Knuth-Bendix order (KBO). And recently in jl, 0| the derivation length 
induced by the basic dependency pair method is investigated. Still in both cases only re- 
stricted variants of semantic labelling or the dependency pair method could be analysed, 
compare 1^, 3, 0] . 

In this paper we investigate the derivational complexity induced by the (basic) de- 
pendency pair method based on reasonably strong base orders. Suppose the class of 
derivational complexity functions induced by a (direct) termination method is closed 
under elementary functions. Then we show that the derivational complexity induced by 
the dependency pair method based on this termination technique is the same as for the 
direct technique. 

More precisely we show that the derivational complexity of a TRS whose termination 
is established via the dependency pair method combined with some base order is triple 
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exponential in the derivational complexity induced by the base order directly. Moreover, 
we present an example which shows that at least two of the three exponentials in our 
upper bound can actually be reached. 

It should be emphasised that the notion of dependency pair method studied here 
amounts to the original technique as introduced by Arts and Giesl [l| (see also j^). 
Consider the following TRS TZi taken from 0| that we use in the sequel to illustrate the 
developed notions. 

1 : {x X y) X z ^ X X (y X z) 3: {x + y) x z ^ {x x z) + {y x z) 

2: z X {x + f(y)) g{z,y) x (x + a) 

Due to rule 2, termination of TZi cannot be concluded by the lexicographic path order 
(LPO), cf. Q. On the other hand, termination follows easily by the dependency pair 
method based on LPO, if we make use of argument filterings. 

The gist of our result is that for this (standard) application of the dependency pair 
method the derivational complexity induced by LPO bounds the derivation lengths ad- 
mitted by the investigated TRS TZi. Prom this we can conclude that the derivational 
complexity function with respect to TZi is at most a multiple recursive function. (Recall 
that the derivational complexity induced by LPO is multiple recursive, cf. [20].) An 
analogous result holds if we employ the multiset path order (MPO) or KBO as base 
order. Moreover the thus obtained upper bound is still tight, which essentially follows 
from the tig ht characterisation of the derivational complexity of the indicated base or- 



ders [10|, l20|, IJJI 



Notice the challenges of such an investigation: In order to estimate the derivation 
length of TZi we only consider the derivation length induced by the base order. This 
implies that we use an upper bound on the maximal number of dependency pair steps to 
bound the length of derivations. It remains open to what extent such a result holds in 
general. The challenge of such an endeavour is most prominent if we allow an iterative use 
of the dependency pair transformation as for example in the recursive SCC algorithm 
(see 01) or in the dependency pair framework (see [l^). It is well-known that two 
iterations of the recursive SCC algorithm based on the subterm criterion (see [3]) suffice 
to show termination of (the standard formulation) of the Ackermann function. See also j3| 
for a like minded example. Clearly in this context a triple exponential function is by far 
not sufficient to bound the difference between the derivational complexity of the TRS 
and the derivational complexity induced by the base method. 

The rest of this paper is organised as follows. In Section[2]we present basic notions and 
starting points of the paper. Section [3] introduces suitable notions to trace an (implicit) 
dependency pair derivation in a given derivation over some TRS TZ. Our main result is 
proved in Section [4j while Section [5] presents the above mentioned example on the lower 
bound of the correspondence. Finally, we conclude in Section [7l 



3 



2 Dependency Pairs 



We assume familiarity with the basics of term rewriting, see [2, llSj. Below we recall the 
bare essentials of the (basic) dependency pair method as put forward in [l|, but (at least 
nodding) acquaintance with [l| or 0] will prove helpful. 

Let V denote a countably infinite set of variables and T a signature. The set of terms 
over T and V is denoted by T(JF, V). The (proper) subterm relation is denoted as < (<i). 
The root symbol (denoted as rt(t)) of a term t is either t itself, if i G V, or the symbol /, 
if t = f{ti, . . . ,tn)- The set of positions Vosit) of a term t is defined as usual. We write 
p ^ q (p < q) to denote that p is a (proper) prefix of q, and p || (? if neither p ^ q nor 
q ^ p. The subterm of t at position p is denoted as t\p. We write Vosjr{t) (Vos\;{t)) for 
the set of positions p such that (V) contains rt{tp). The size \t\ and the depth dp(t) 
of a term t are defined as usual (e.g., |f(a, j;)| = 3 and dp(f(a,x)) = 1). To simplify the 
exposition, we often confuse terms and their tree representations. I.e., we call a maximal 
set of positions B in a term t such that for no q,q' E B, we have q \\ q' , a branch of t. 

Let 7^ be a finite TRS over !F. We write -^-ji (or simply — >) for the induced rewrite 
relation. If we wish to indicate the redex position p and the applied rewrite rule Z ^ r in a 
reduction from s to i, we write s -^p^i^r t. The set of defined function symbols is denoted 
as V, while the constructor symbols are collected in C. The n-fold composition of — is 
denoted as and the derivation length of a terminating term s with respect to a rewrite 
relation — > is defined as dl(s,— >) := max{n | 3t s — t}. The derivational complexity 
function (with respect to a TRS 7^) is defined as: dc7j(n) = max{dl(t, — >7j) | \t\ ^ n}. 

In analogy to the derivational complexity function dcji we define functions tracing the 
size or depth. The potential size of a terminating term s with respect to a relation — > is 
defined as follows: psz(s,^) := max{|t| | s ^* t} and the induced size growth function 
(with respect to TZ) is defined as szg-jiin) := max{psz(t, — >7j) | |t| ^ n}. The potential 
depth pdp(s, of a terminating term s and the depth growth function dpg7^(n) are 
defined similarly. 

We recall the central notions of the dependency pair method, see 0|. Let t be a 
term. We set t^ := t if t £ V, and t^ := f\ti, ...,tn) ift = f{ti, . . .,tn). Here /" is a 
new n-ary function symbol called dependency pair symbol. For a signature J^, we define 
jrtt = jr u {/I* I / G T}. The set DP(7^) of dependency pairs of a TRS 7^ is defined as 
{l^ -^J \ l^r £n,u<r, rt(u) G / ^ u}. 

Proposition 2.1. A TRS TZ is terminating if and only if there exists no infinite deriva- 
tion of the form t\ — >^ 4 ~^DP{7e) 4 ~^Ti ■ ■ ■ ^^'^^ /^'^ i > 0, t^ is terminating 
with respect to TZ. 

Proposition 12.11 gives rise to the dependency pair complexity function 
DPc-jiin) := max{dl(^^^DP(7^)/7^) I \t\ ^ n} , 

where we write — >DP(7^)/7^ for — >^ • ^DP(7^) ' ~^tz' "^f- t^J- Now, we fix the notion of basic 
dependency pair method. An argument filtering (for a signature J^) is a mapping n that 
assigns to every n-ary function symbol f £ T an argument position z G {1, . . . , n} or a 
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(possibly empty) list [ii, . . . , im] of argument positions with 1 ^ ii < ■ ■ ■ < im ^ n. The 
signature J^^^ consists of all function symbols / such that 7r(/) is some list [ii, ■ ■ ■ ,«m], 
where in J-t^ the arity of / is m. Every argument filtering tt induces a mapping from 
T(^, V) to T{J^T^,V)j also denoted by vr: 



t if t is a variable 

■K{ti) if t = /(ti, . . . and 7r(/) = i 

,/(7r(tii), • • • )7r(ti„)) if t = f{ti, . . . ,t„) and 7r(/) = [ii, . . . 



1 '"ml 



A reduction pair )^) consists of a rewrite preorder > and a compatible well-founded 
order >- which is closed under substitutions. Here compatibility means the inclusion 
> . ^ . > C ^. 

Proposition 2.2. A TRSTZ is terminating if and only if there exist an argument filtering 
TT and a reduction pair (>, >-) such that 7r(DP(7^)) C )^ and 7t{TZ) C >. 

Let 7^ be a terminating TRS. In the sequel we show that the derivational complexity 
function dc-ji is bounded triple exponentially in the dependency pair complexity function 
DPct^. For that we mainly bound the depth growth function of TZ exponentially in 
DPct^. As the maximal length of a derivation is exponentially bounded in the size of the 
occurring terms and the latter is exponentially bounded in their depth, our result then 
follows. In order to prove the main step we analyse the shape of a potential derivation 
over TZ U DP (7^) in the light of a given 7^-derivation. This is the purpose of the next 
section. 



3 Progenitor and Progeny 

To analyse the shape of a potential derivation over 7Z U DP (7^) we introduce a specific 
generalisation of the notion of descendant of a position p which we call progeny. Recall 
the definition of descendants (see [lIS, Chapter 4]). Let A : s -^pi^i^r i be a rewriting 
step, and let p € Vos{s). Then the descendants of p in t (denoted hy p\A) are defined 
as follows: 



p\A 



{p} if p < p' 01 p II p' , 

{p'qzq2 \Aqz=l\qi] if p = p'qiq2 with qi g Vosv{l), 

otherwise 



In our context, we also want to keep track of redex positions, not just of positions in the 
context or the substitution of the rewrite rule. This intuition is cast into the following 
definition. 

Definition 3.1. Let A : s -^p'^i^r i be a rewriting step, and let p G 7^os(s). Then the 
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Figure 1: A derivation, its progeny relation and redex positions. 



progenies of p in t (denoted by p \\ ^) are: 



p\A 



{P} 

{p'qm I r|g3 
{p'(i2 klqa 

{Pll \Aqi 



if p < p' or p II p', 

if p = p'qiq2 with qi G Vosv{l), 

ifp = p'qi with qi G Vosjr{l) \ {e}, 



I A qi ^ Vosjr[r)} if p = p' 



If q £ p \ A, then we also say that p is a progenitor of q in s. We denote the set of 
progenitors of g in s by ^ \ g. For a set P C Pos{s), we define P\A = UpepP \\ ^• 

Notice that the distinction between the last two cases corresponds to the exclusion of 
rules — > from DP (7?.) where u <l, see Section [2l 

Example 3.1. Consider the TRS TZi from Section [T] and let ti = {x x y) x {z + f{w)), 
t2 = X X (y X (z + f(w))), and is = x x {g(y,w) x (z + a)). We have the derivation 
A : ti ^ t2 ts, cf. Figuredl Redex positions are marked by circles, the progeny relation 
is marked by dotted and dashed lines (the lines will be distinguished in Example 
below). For clarity progeny relations between variables have been omitted. 



Lemma 3.1. Let TZ be a TRS, let A : s -^n t, let p G Pos(s), and let q G Vosit). If 
qep\A and rt(t|g) G V, then rt(s|p) G V and (s|p)f ^^udp(7^) (^W- 

Proof. Suppose that ^ is s -^p'^i^r t. Ifp < p' oi p \\ p' , then by definition, we have p = q 
and thus (sip)" — >^ {t\q)^- On the other hand, if p = p' , then there exists qi G Vosj^{r) 
such that q = p'qi- Moreover, t\q s\p. By assumption rt{t\q) G V and thus we obtain 
(sip)" ^DP(7^) (^Ig)"- Finally, if p > p' , then by definition, we have s|p = t\g. Then 
(trivially) (s|p)» {t\g)K □ 
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Lemma 3.2. Let A : s — >p' t be a rewriting step. Then for every q G Vos{t), we have 
A\\g/0. 

Proof. If q < p' or q \\ p' , then A \ q = {q}. If q = p'qi, qi G Vosjr{r)^ and t\q ^ s\pi , 
then A\q = {p'}. If g = p'qi, qi € Vosjr[r), and t\q s|p/, then there is some pi such 
that s\pip-^ = t\g, so p'pi & A\q. Last, if g = p'qiq2 and gi S Posv(?'), then there is some 
pi such that s|p/pj = tlp'^^. Therefore, p'piq2 ^ A\q. □ 

Definition 13.11 and Lemmata 13.11 and 13.21 extend to derivations in the natural way: 

Definition 3.2. Let A : s — >* t be a derivation, and let p € Vos{s). Then the progenies 
of p in t (also denoted by p \\ j4) are defined as follows: 

- If A is the empty derivation, then p \ A = {p}. 

- Otherwise, we can split A into Ai : s ^ s' and A2 : s' t. Then p \ A = 
{p\A,)\A2. 

We say p is a progenitor of q if p & A \ q, which holds if q £ p \ A. Moreover, we have 
q £ P\A if and only if q £ p \ A for some p £ P. 

The next lemma follows by straightforward induction using Lemmata 13.21 and 13.11 

Lemma 3.3. Let A : s — >* t be a derivation, and let p £ 7^05(5), q G Vos{t). Then the 
set A\q of progenitors of q is not empty. Moreover if q £ p \ A with ft{t\q) G T>, then 
n{s\p) G V and ^^udp(7J) i^U)^- 

Using Lemma [331 we can extract derivations over TZU DP (7^) from a given derivation 
in a TRS TZ using positions connected by the progeny relation. 

Definition 3.3. Let 7^ be a TRS, let ti, . . . , be terms, and let pi, ... ,pn be positions 
in ti, . . . ,tn, respectively, such that 'i't{tn\p„) G 7^, and for all 1 ^ z ^ n — 1, we have 
Ai : ti -^Ti ti+i and pi+i e pi\ Ai. Then we cah A : (tilpi)" ^TzuDP{n) 

(tnlpj the 

implicit dependency pair derivation with respect to ti, . . . , t„ and pi, . . . ,pn. We denote 
the number of DP(7^)-steps in A as DPI(^). 

Notice that by Lemma [3.31 any implicit dependency pair derivation based on a deriva- 
tion over TZ is indeed a derivation over TZ U DP{TZ). 

Example 3.2 (continued from Example I3.1|l . The implicit dependency pair derivation 
with respect to ti,t2,t3 and e,2,2 is given as follows: 

4 ^DP(7^) y xHz + Hw)) ^DP{n) g{y,w) {z + a) . 

Lemma 3.4. Let A : s ^pi^i^r t be a rewriting step. Let q,q' G Vos{t). If q ^ q' , then 
for any Po £ A\q, there exists p'q G A\q' such that po ^ p'q. 

Proof. According to Definition 13.11 there are four cases for q'. 
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- If g' < "p' or c( II p', then also g < p' or g || p'. Therefore, A\q = {q\ and 

- If = p'g'i, G 'PosjF(r), and r|q^ ^ /, then either q < p' , or q = p'qi, qi E 
Vosj^ir), and r|q-^ fil /. We have A\q = {po} and A q'' = {p'} with po = 9 or 
Po = p'- 

- If g' = p'g^, g'^ G Posjr(r), and r|g/ < /, then A\q' = {p'q'2 \ q'2 G 'Posjr{l) A r|q/ = 

Three cases from Definition 13.11 are apphcable for q. Suppose q < p' , then 
A\q = {q} , dJCid q < p' fi, p'q^ for any q'^ G Vosr{l). If g = p'gi, qi G Pos^(r), 
and r|gj ^ ^, then ^ \ g = {p'}. Last, if g = p'qi, qi G Vosjr{r)^ and r|q^ <] Z, then 
^\q. = I q2 G Posjf(/) Ar|g^ = ^Iga}- We have q' = ^53, so for any p'q2 G A\q, 

also p'g2g3 G A \\ g'. 

- Otherwise, q' = p'q'iq'2 with q'^ G ■Posv(r). Then ^ \\ g' = {p' (73(72 I ''IgJ = ^l-Jsi- 
Except for q \\ p', all cases in Definition [3]T] can happen for q. Suppose q < p', then 
A\<1 = U}, and q <p' < p'q'^q!^ for any ^3 G Posv(0- ^ 9 = P'^i, 9i ^ ^os^(r), 
and r|gj I, then ^\\(/ = {p'}. For the next case, suppose q = p'qi, qi G ■Posjr(r), 
and r|qj /. Then A\q = {p'q2 \ q2 G Vosjr{l) A rj^^ = /Igj}- We have q' = qq'^q'2-, 
so for any p'q2 ^ A\q^ also p' 529492 ^ ^ ^ 9'- Otherwise, q = p'q'iq2- Then 
^ \\ 9 = {p'<i'i(l2 I ^Igi = ^Igs}- We have ^2 = 9294, hence for any p'9392 & A\q, also 
p'9392 e ^ W 9'- 

□ 

Notice that each position in a term may have several progenitors: 

Example 3.3. Consider the TRS 7^2 consisting of the single rule f(x,x) g{x), and 
the rewrite step A : f (0, 0) g(0)- Then A \\ 1 = {1, 2}. 

We restrict the progenies and progenitors to a single branch in each term. The def- 
inition rests on the idea that for a derivation A: s — >* t and a main branch B' in t it 
is possible to find a main branch B m. s such that each position q G B' has a (unique) 
progenitor in B; see the picture below for an illustration: 

s t 

A 

In the following definition, the restriction to the leftmost of all candidate positions is 
arbitrary and can be suitably replaced. Notice that its second clause is well-defined by 
Lemmata 13.31 and 13.41 

Definition 3.4. Let A: ti — >* t„ denote a derivation built up from the rewrite steps 
Ai'. ti ^ ij+i for z = l,...,n— 1. Then the main branch of each term in A is inductively 
defined: 
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- The main branch of tn is the leftmost branch of maximal length in tn- 

- Suppose the main branch of ij+i is denoted as -Bi+i, 1 ^ i ^ n — 1. Then consider 
all branches b in ti such that for every q € -Bi+i, the set of progenitors Ai\q of 
q has nonempty intersection with b. The leftmost of these branches is the main 
branch of ti, denoted as Bi. 

Definition 3.5. Let A' : s ^ t he a rewriting step, let p € Vos{s), and let B and B' 

be branches in s and t. Then the set of main progenies of p in t (with respect to A') 
(denoted as p D^, A') is defined as follows: 



We naturally extend this definition to derivations A : s — >* t, analogous to Definition [321 
If A is the empty derivation, then p 3^, A = {p}. Otherwise, we can split A into 
: s — > s' and A2 : s' —)■* t. Let B" be the main branch in s' . Then p D^, A = 
{pD^„ Ai) Df A2. If the (main) branches B and B' are clear from context, we write 
p D A' instead of p D^, A' . If q ^ p D A' , then we also say that p is a main progenitor of 
q in s (with respect to A'). We denote the set of main progenitors of g in s by A' D q. 
For a set P C Pos(s'), we define P D A' = [j^^pP D A'. 

Remark 3.1. Note that it is indeed necessary to define main progenies with respect to 
many-step derivations in the inductive way shown above. Consider the TRS with the 
rewrite rules f{x) g{x,c) and g{x,x) \r\{x,x), and the derivation A : ti ^ t2 ^ ts, 
where ti = f(c), t2 = g(c, c), and ^3 = h(c, c). We split A into Ai : ti ^ t2 and 
A2 : t2 ^ ts. The main branch of each term in A is the leftmost one (i.e. {e, 1}). We 
obviously have 1 G A D 1, since 1 G A2 D 1 and 1 S ^1 D 1. However, we do not 
have e & A D 1, even though 2 G A2\l, e & Ai\2, and therefore e G ^ \ 1. Hence, 
the direct definition of main progenies with respect to many-step derivations is indeed 
different from the definition we are using. In particular. Lemma 13.51 would be incorrect 
for that definition. 

Example 3.4 (continued from Example 13.11) . Consider the derivation A from Exam- 
ple [3]T1 The "central" branch of each term in Figure [1] is its main branch, and the dashed 
lines denote the main progeny relation. 

Lemma 3.5. Let A: u — >* s t — >* w be a derivation, and denote A': s —^* t. Let 
B{s) and B{t) denote the main branches of s and t, respectively. Then for any q G B(t), 
the main progenitor of q in branch B{s) is unique, i.e., \A' z) q\ = l. 

Proof. By definition, q has at least one main progenitor in s. We show that there exists 
at most one by induction on the length n of s — t. For n = the claim is trivial. 
Hence assume n > and let A' : s ^ t' — j.""^ t. Let B{t') denote the main branch 
in t' (with respect to A). By induction hypothesis there exists a unique position qi in 
B{t') such that {t' ^"^1 t) D q = {qi}. Let A": s -^p/^i^r t' denote the first rewrite 




if p(^B 
ifpeB 
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step in A' . Suppose gi < p' or qi \\ p' . Then by definition A" \ qi = {qi}- Hence 
the main progenitor of q in B{s) is unique. On the other hand suppose qi = p'q2 with 
q2 € Vo5j^{r) such that r\g^ I. Then A"\qi = {p'} and A' D q is a singleton as it should 
be. Now suppose qi = p'q2 with q2 G Vosjr{r) such that rj^j <\ I. Then by definition 
A" \ qi = {p'pi I pi G Vosjr{l) A l\p^ = rigj. Notice that A' D q = A" \ qi n B{s), 
which is again a singleton. Finally, if qi = p'(?293 with q2 G Vo5\;{r), then A" \qi = 
{p'piQs I Pi £ 'Posv(0 /\ l\pi = rlq^}- As before, the intersection of the latter set with 
B{s) is a singleton. Hence the main progenitor of q in B{s) is unique. This concludes 
the inductive proof. □ 

Lemma 3.6. We assume the same notation as in Lemma [37S[ For any p G B{s) such 
that rt(s|p) G C U V, we have \p D A'\ ^ 1, i.e., the number of main progenies for a 
position, whose root is non-defined is at most 1. 

Proof. By induction on the length n of A' : s — >" t. It suffices to consider the case 
n > 0^ so A' : s —^ t' — t. Let A": s —>-p'^i^r t' denote the first rewrite step in A'. 
If p < p' ov p II p' , then p D A" = {p}. If p > p' , then for any qi & p \ A" , we have 
s\p = i'lq^, so again, p\A"ri B{t') is a singleton. In all three cases, the claim follows by 
induction hypothesis as rt(s|p) = rt(t|qj). This concludes the proof, as the case p = p' Is 
impossible. Otherwise, we derive a contradiction to the assumption that the root of s\p 
is not a defined symbol. □ 



4 Dependency Pairs and Complexity 

In this section, we relate the dependency pair complexity and the derivational complexity 
of a TRS. As mentioned above the main step is to show that the depth growth of a TRS 
is bounded by a single exponential in its dependency pair complexity. In the sequel, we 
fix a TRS TZ and a derivation A : ti tn over TZ such that Si , . . . , i?„ denote the 
main branches with respect to A. We can view the main progeny relation as a graph, 
called progenitor graph. The nodes of a progenitor graph are pairs {ti,p) representing 
positions p in terms in A that are directly affected by dependency pair steps. Each 
edge corresponds to a dependency pair step (and possibly a number of 7^-steps) in an 
implicit dependency pair derivation. Thus we obtain a graph representation of all implicit 
dependency pair derivations in A. Each connected component of the progenitor graph 
is a tree whose height is bounded by the number of dependency pair steps. Using the 
exponential relationship between the height of this tree and its number of leaves, we 
bound the depth of the final term in A exponentially in the length of the largest implicit 
dependency pair derivation, entailing our main result. 

Definition 4.1. The progenitor graph of A is defined as follows. 

- The nodes are all pairs {ti,p) such that p € Bi, rt(ti\p) G and either i = 1 or 
the single element of — > ti) Dp and the redex position in the rewrite step 
ti-i — > ti coincide. 
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- There is an edge from {ti,p) to {tj,q) whenever i < j, {U — >* tj) D q = {p}, and 
for alH ^ A: < j — 1, the single element of {t^ — >* tj) D q and the redex position in 
the rewrite step — > tk+i do not coincide. 

Notice that, due to the definition of the set of nodes in a progenitor graph, the single 
element of {tk — >* tj) D q and the redex position in the rewrite step tj-i tj do coincide 
whenever there is an edge to {tj , q) . 

Example 4.1. Consider the derivation A from Example 13.11 again. Its progenitor graph 
is shown below: 

{ti,e) > {t2,e) 

(ti,l) '(^2,2) >(i3,2) 

Lemma 4.1. // there is an edge from {ti,p) to {tj,q) in G, then there is a derivation 
{U\pf -^n (tj-ilpi)* ^DP{7^) (^i [<?)"• 

Proof. By definition, q & p D {ti — >* tj). Therefore, by Lemma [3?3l we have the implicit 
dependency pair derivation A' : (ti|p)^ ~^7euDP(7j) (^ilg)"- have (tj-i — > tj) D q = {pi} 
(see also the last clause of Definition 13. ip . where by definition pi is the redex position 
of the step tj-i — > tj. Therefore, the last step of A' is a DP(7^)-step. Notice that for 
i ^ k < j — 1, the single element of {tk — tj) D q and the redex position in tk — > tk+i 
do not coincide. Hence, if there are rewrite steps before the last step, these are 7^-steps 
and the lemma follows. □ 

The next lemma shows, when specialised to the conditions in the first clause of Def- 
inition 14.11 that only nodes which do not contribute to the branching of the progenitor 
graph, are left out by the definition. 

Lemma 4.2. Let p ^ Bi and q € Bj such that i < j and (tj ^* tj) D q = {p}. If for all 
i ^ k ^ j — 1, the single element of {tk — >* tj) D q and the redex position in the rewrite 
step tk tfc+i do not coincide, then p D {ti tj) = {q}. 

Proof. We show the lemma by induction on j — i. li i = j then the claim trivially 
holds. Otherwise, the derivation ti tj can be split to ti — > ti+i — >* tj. Let p' be 
the redex position in ti tj+i. If p \\ p' , p < p' , ov p > p' , then as in Lemma 13.61 
\p D {ti —I- ^ 1, and the lemma follows by induction hypothesis. The last case is 

again impossible, since by assumption, p and p' do not coincide. □ 

In the sequel let G be the progenitor graph of A. In the next lemmata, we show the 
properties which allow us to bound dp(tri) in the height of G. First, we prove that almost 
each position in B^ is "covered" by a node in G. Next, we show that each node in G can 
only cover c positions in -B„, and finally, we show that the branching factor of G is at 
most c, where c := max{2} U {dp(r) [ / — > r G TZ}. 
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Lemma 4.3. For every q G B^, there either exists p € Bi such that rt(ii|p) G C U V and 
A D q = {p}, or there exists a node {ti,p) in G where q £ p D {ti tn) and for any 
successor node {tj,pi) of {ti,p) in G, we have q ^ pi D (tj ^* tn). 

Proof By Lemma [321 ^ D q = {p} for some p e Bi. If rt(ti|p) G C U V, the first 
alternative of the lemma holds. If rt(ti|p) S P, then {ti,p) E G. Therefore, there exists 
a maximal natural number k such that {tk,P2) G G and q & p2 <D {tk — >* t„) for some 
P2 ^ so the second alternative of the lemma holds for {tk,P2)- □ 

Lemma 4.4. For every node {ti,p) in G, there are at most c many positions q £ Bn 
such that q £ p D {ti ^* t^), but for any successor node {tj,pi) of {ti,p), we have 
q^PiD {tj tn). 

Proof. If there is no i ^ < n such that the redex position of the step tk+i and an el- 
ement ofpD {ti tk) coincide, then it follows from Lemma [4?2] that \p D {ti — >* ^ 1. 
Otherwise, let k be the smallest number such that k ^ i and p D (t^ ^* t^) = {P2}, where 
P2 is the redex position of tk ife+i- By Definitions 13.11 and 13.51 \p2 3 {tk ifc+i)| ^ c. 
For each € P2 ^ {tk — > ^fc+i), if rtC^fc+ilps) G T^, then (^^+1,^3) is a successor node of 
{ti,p), but the condition q ^ p^ D (tfc+i tn) is violated for any main progeny q of P3. 
On the other hand, if rt{tk+i\pg) G C U V, then by Lemma [3?6l \p3 D {tk+i ^* in) I ^ 1- 
Thus, in total, there are at most c many elements in p D {ti —i-* tn) meeting our assump- 
tion. □ 

The following example illustrates the role of Lemma 14.41 

Example 4.2. Let TZs be the TRS consisting of the single rewrite rule 

d(S(x)) - S(S(d(x))) . 

Let ti = d(S(S(0))), t2 = S(S(d(S(0)))), and t^ = S(S(S(S(d(0))))). We have the deriva- 
tion A : ti — > t2 ^ ^3 and the following progenitor graph: 

(ti,e) (t2,ll) (^3,1111) 

> > 

Note that G leaves out all function symbols S above the d in each term. However, by 
Lemma 14.41 the number of positions in the last term of A which are hidden in this way 
is only linear in the size of the progenitor graph. 

Lemma 4.5. Every node in G has at most c many successor nodes. 

Proof. Let {ti,p) be a node in G. If there is no i ^ j < n such that the redex position of 
the step tj tj+i and an element of p D {ti — tj) coincide, then {ti,p) has no successor 
node, so the claim holds. Otherwise, let j be the smallest number greater than i such 
that p D {ti — >* tj) = {q}, where q is the redex position of tj ij+i- By Definitions 13.11 
and 13.51 \q D {tj — > ^ c. Hence, {ti,p) has at most c many successor nodes. □ 

Now we are ready to prove our main lemma. 



12 



Lemma 4.6. For every finite TRS TZ, there exists a constant C such that for all termi- 
nating terms s, we have pdp(s,^7j) < |s| • 2'^-^'(*'''^dpw/i^) . 

Proof. We show the lemma by proving that for any derivation A : s — >^ t, there exists a 
derivation A' : {s'f ^^udp(7^) such that \s'\ ^ |s| and dp(t) < \s\ ■ c^P^^O+a (recall 
that c = max{2} U {dp(r) | / ^ r € TZ}). Let k be the number of defined symbols in 
the main branch of s. Observe that the main branch of t consists of dp(t) + 1 many 
positions, all of which have to fulfil one of the two properties outlined in Lemma [431 By 
Lemma 13.61 the first case applies to at most dp(s) + 1 — k many positions, so for the 
dp(t) — dp(s) + k other positions, the second case applies. By Lemma each node in 
the progenitor graph G of A can cover at most c many of those positions, so G has to 
contain at least ^p(*) dp(s)+fc ^nany nodes. There are k many connected components in 
G, hence the largest one of the components (trees) contains at least 

dp(i) - dp(s) + k 

kc ' 

many nodes. Let d — 2 be the smallest natural number such that 

dp(t) - dp(g) + A: ^ 
kc 

By Lemma 14.51 this means that there exists a leaf whose distance from the root is at 
least d. Recall that any c-ary tree of height d — 1 has at most ^ ^ c'^~^ many 
nodes. (Here the height of a tree is the number of nodes from the root to the leaf on a 
maximal path.) Moreover, by Lemma l4.ll this path in the graph induces a derivation 
A' : (s')** ^nuDPCR) ■^i*^ DP\{A') ^ d-2 and s > s' . Reformulating the inequality 
above yields 

dp{t) ^ • c"^ + dp(s) -k^ (dp(s) + 1) • c'^ ^ ls| • c'^ , 
so A' is indeed the derivation we are looking for. □ 

The main factor of the faster growth of dp(tn) compared to the height of G is the 
difference between the height and the size of G. This becomes apparent in our next 
example, where G is a full binary tree. 

Example 4.3. Consider the TRS TZ^ consisting of the single rewrite rule 

f(S(a;),y) f(x,f(x,y)) . 

Consider the terms ti = f (S(S(0)), 0), t2 = f(S(0), f (S(0), 0)), = f (0, f (0, f (S(0), 0))), 
and ti = f(0,f(0,f(0,f(0,0)))). We have the derivation A : ti ^ t2 ^ ts ^ t^. The 
progenitor graph of A is shown below. 
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(i2,e) 

■ ■ ■> 



■ ■ ■> 



(t2,2) ■■■■■■.,,.(t3,2) 



.(i4,222) 

■■> 

Perhaps counter-intuitively in the context of the dependency pair method, the con- 
nected component of G with the greatest height need not be the component with the 
root (ti, e): 

Example 4.4. Consider the TRS TZ^ and the terms fi,t2j*3,^4 from Example 14.31 again. 

Let si = f(0,ti), S2 = f(0, t2), S3 = f(0,t3), and S4 = f(0, t4). Then we obviously have 
the derivation A' : si ^ S2 ^ S3 ^ S4 again and the following progenitor graph: 



(si,2) (S2,2) (S3, 2) 

' ' - ■-■ {82,2^ ■ ■ ' ■--.....(S3, 22) 

■ ■ ■> . ■ ■ ■> 



. (S4,222) 
(.54,2222) 



All that is left to show is that the derivational complexity of a finite and terminating 
TRS is bounded double exponentially in its depth growth. This can be achieved by two 
easy observations. 

Lemma 4.7. Let TZ be a finite TRS. Then there exists a constant C such that for every 
terminating term t, we have 

dl(t,^^)^22"^^^'*'^-^ 

Proof. We show that there exist constants D and E, such that for all terms t, the 
inequalities psz(t,^7^) < 2^ p^p(*'^^) and 6\{t,^n) ^ 2^-P=^(*'^^) hold. 

a. For any term i, we have \t\ ^ /j^P(*)+i ^ where k is the maximum arity of any function 
symbol in the signature. This proves the first inequality. 

b. On the other hand, by assumption the signature T olTZis finite. Moreover without 
loss of generality the considered derivation in TZ is ground. Hence we can build only 



14 



2E m (jiffgj.gj^^ terms of size at most m, where E depends only on !F. This proves 
the second inequahty. 

□ 

Based on Lemmata 14.61 and 14.71 we obtain our main theorem. 

Theorem 4.1. For any finite and terminating TRSTZ, dcii{n) ^ 2^" 

An order >- on terms is G- collapsible for a TRS 7^ if s — >-7judp(7J) i and s >- t imphes 
G(s, >■) > G{t, y). Let (>, be a reduction pair for TZ. Then (>, is called collapsible 
if there is a mapping G such that >- is G-collapsible for TZ. 

Theorem 4.2. Let TZ be a finite TRS, let (>, y) be a collapsible reduction pair with 
T^{TZ) C > and 7r(DP(7^)) C y for some argument filtering vr. Assume there exists a 
class of number-theoretic functions C closed under elementary functions and for some 
f £ C, and any term t, G{t, ^ f{\t\)- Then dc-ji € C. 

Proof. By assumption there exists a mapping G that binds the number of dependency 
pair steps in any ir{TZ) U 7r(DP(7^))-derivation. More precisely, we have 

dl(vr(t«), ^^(DP(7^))M7^)) ^ G(t, y) ^ f{\t\) . (1) 

Moreover it is easy to see that for any derivation in 7^ U DP (7^), there is a derivation in 
Tr{TZ) U7r(DP(7^)) which contains the same number of dependency pair steps. Hence, we 
obtain 

Combining this with ([T]) and Theorem 14. II we obtain dc7^(n) ^ 2^ . By assumption 

the complexity class C is closed under elementary functions. In particular there exists 
g € C such that dc7^(n) ^ g{n-). Thus the theorem follows. □ 

5 The Lower Bound 

By Theorem 14. 11 the derivational complexity of a TRS TZ is bounded triple exponentially 
in its dependency pair complexity. This yields an upper bound. The following TRS 
establishes a double exponential lower bound. 

Example 5.1. Consider the following TRS TZ^, extending the TRS TZ^. 

1: f(S(x),y) ^f(x,f(x,y)) 2: f (0, ^ c(x, x) 

We show that TZ5 has linear dependency pair complexity, but admits derivations of 
double exponential length. Let F^{x) = x, F^+^{x) = f(S™(0), F^(x)), C°(x) = x, and 
C^~^^{x) = c(C"'(x), C"(x)). Now, consider the starting term F^{0). As can be easily 
seen, this term rewrites to Fq (0) in 2" — 1 steps using rule 1. Now, we can use rule 2 
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and an outermost strategy to reach C^"(0) in 2^" — 1 steps, so dc7^g(n) is at least double 
exponential in n. On the other hand consider DP(7^5): 

3: f«(S(x),y)^f«(x,f(x,y)) 4: f«(S(x), y) ^ f«(x, y) 

We define a (restricted) polynomial interpretation A as follows: f^(x,y) = x, S^(x) = 
X + 1, = c^(x,y) = 0^ = 0, such that TZ^ C >_4 and DP(7^5) C and 

(>^, >yi) forms a reduction pair. Thus the dependency pair complexity of TZ^ is at most 
linear. 

Notice that from the proof of Theorem 14.11 one can distill the following three facts, 
where each of them seems to be responsible for one of the exponentials in the upper 
bound: 

- The number of leaves in a progenitor graph may be exponential in its height. 

- The size of a term may be exponential in its depth. 

- The number of terms of size n is exponential in n. 

Observe that for an optimal example, we would have to utilise all three criteria, while the 
just given TRS TZ^ utilises only the first two criteria. At this point, it seems impossible 
to enumerate enough terms of exponential depth and double exponential size so that this 
is possible. Hence, we conjecture that the upper bound given in Theorem 14.11 can be 
improved to double exponential. 



6 Dependency Graphs 

We now consider dependency graphs, which are another improvement of the dependency 
pair method besides argument filtering. At first glance, it might seem that the number 
of dependency pair steps admitted by a TRS is bounded linearly in the number of depen- 
dency pair steps admitted within the "worst" SCC of the dependency graph. However, 
this is not the case: 

Example 6.1. Consider the following TRS 7^e2- 

cl(0)^0 62(0,2;) ^ei(x,S(0)) ei(S(x),y) ^ei(x,d(y)) 

d(S(x)) ^ S(S(d(x))) e2{S{x),y) ^ e2{x,d{y)) 

We have the following set of dependency pairs DP(7?.e2): 

d«(S(x)) ^ d«(x) (1) e«(0,x)^e«(x,S(0)) (4) 

e\{S{x),y) - e\ix,d{y)) (2) e«(S(x),2/) ^ e|(x,d(y)) (5) 

e«(S(x),y)^d«(y) (3) e« (S(x), y) ^ d«(y) (6) 

This induces the dependency graph DG(7^e2) shown in Figure [2l The dependency graph 
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Figure 2: Dependency Graph for the TRS TZ, 

e (5) - (4) - (2) :d 
i \ i 

(6) - (1) - (3) 
U 



contains three (nontrivial) SCCs: {1}, {2}, and {5}. For each of the SCCs, we can prove 
termination (and an exponential upper bound on the number of dependency pair steps 
within that SCC) by a hnear polynomial algebra A with 

d^(x) = 2x , ei_^(x,y) = 0, e2_^{x,y) = 0, Sa{x) = x + 1, 0^ = 0. 

For the SCC {!}, we can extend A with d^(x) = x + for {2}, we can set ei^{x,y) = x, 

and for the SCC {5}, we have e2^{x,y) = x. 

However, the full dependency pair complexity admitted by 71^2 is at least double ex- 
ponential: we have e« (S"(0), 5(0)) ^* (5(0), S^" (0)) ^* d«(52'"~' (0)) ^^p^^^^^f"-' 
d«(0). 

Remark 6.1. Note that one may be tempted to incorrectly conclude that the number of 
dependency pair steps in each SCC is linear by the subterm criterion. Indeed, each SCC 
in this example can be proved terminating by the subterm criterion. However, contrary 
to what one may think, the subterm criterion does not give a linear complexity bound. 
While the derivational complexity of the embedding rules is obviously linear, the rewrite 
rules applied between the dependency pair steps may increase the size of the given term 
arbitrarily. 

Example 6.2. We can generahse the TRS to TRSs 7^e^ for k G N\ {0}, such that 
each cycle in DG(7^efc) admits only exponentially many dependency pair steps, but whose 
full dependency pair complexity is 2fe(0(n)). The rules of TZ^^ are the following: 

d(0) ^ 
d(5(x))-5(5(d(x))) 
ei{S{x),y) — > ei{x,d{y)) whenever 1 ^ k 

ei{0,x) ej_i(x,5(0)) whenever 2 ^ k 

The exponential upper bound in the number of dependency pair steps in each SCC of 
DG(7^efc) can be shown in a similar way as in Example 16.11 Moreover, we can also verify 
that the dependency pair complexity of T^gfc is at least 2^(0 (n)) by looking at the longest 
derivation started from e|(5"(0), 5(0)). 

The problem in Examples 16.11 and 16.21 is that the bounds on the dependency pair 
complexity of the SCCs are related to the size of the considered term at the moment of 
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entering the SCC, and not to the size of the starting term of the full derivation. Thus, 
Theorem 14. II can not be extended directly. However, the maximal number of dependency 
pair steps allowed in the SCCs is related to the dependency pair complexity of the whole 
TRS as follows: 

Theorem 6.1. Let IZ he a finite TRS, let k be the number of (trivial and nontrivial) SCCs 
in a sound approximation of DG{Tl), and let f be a function bounding d\{u^ , ^c/n) l^^**! 
for each SCC C. Then for any term t, d\{t^,^DP{Tl)/Tl) ^ 2^'(l*'l), where F{n) = 2"-2'''^<"^ 
for some constant a > 0. 

Proof. In any derivation, whenever a dependency pair step is done, then the next depen- 
dency pair step in that chain may only stem from a dependency pair that is a successor 
(in DG(7^)) of the dependency pair applied in the current step. Therefore, the derivation 
can be split into I ^ k segments such that in each of these segments, only dependency 
pairs from a single one of the SCCs in the approximation of DG(7^) are applied in depen- 
dency pair steps. We now show dl(i^, — >dp(7j)/7j) ^ 2^'(l*''l) by induction on I. li I = 1, 
then the claim follows directly from Theorem 14.11 Otherwise, consider the first segment 
of the derivation, let be its starting term, and let u" be the starting term of the second 
segment. By Lemmata 14.61 and 14.71 we have \u^\ ^ Fdit^l). By induction hypothesis, 
dl(u'', ^DP(7j)/7j) ^ 2^' Ml""!), Putting the two inequalities together, we get the claim, 
and thus conclude the inductive proof. □ 

Note that if f{n) is an elementary, primitive recursive, or multiply recursive function, 
then 2^ is still an elementary, primitive recursive, or multiply recursive function, 
respectively. The next theorem is a direct consequence of Theorems 14.21 and 16.11 

Theorem 6.2. Let TZ be a finite TRS, and let k be the number of (trivial and nontrivial) 
SCCs in a sound approximation of DG(7^). Assume there exists a class of number- 
theoretic functions C closed under elementary functions, and for some f & C, any term 
u, and any SCCC, G(7r(n''), 1^) ^ /(|n|), where (>, 1^) is a collapsible reduction pair with 
T^{TZ) C > and 7r(C) C y- for some argument filtering vr. Then dcji € C. 



7 Conclusion 



In this paper we have shown that the derivational complexity of a TRS TZ is bounded 
triple exponentially in its dependency pair complexity. Moreover we have presented an 
example showing that the relationship is at least double exponential. Furthermore, we 
conjecture that the upper bound can be improved to a double exponential bound. 

The basic dependency pair method [ll| forms the basis of our investigations. In partic- 
ular we allow argument filtering for the dependency pairs. A similar result can be shown 
for dependency graphs, but we need to replace the triple exponential correspondence by 
an even faster growin g (b ut still elementary) correspondence, as shown in the extended 



version of this paper [l7|. Future work will concentrate on establishing better bounds 



for the studied variants, and analysing the derivational complexity induced by further 
refinements of the dependency pair method. 
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To summarise the contribution of this paper, we apply Theorem 14.21 to three well- 
studied simplification orders: LPO, MPO and KBO. Recall that the derivational com- 
plexity induced by LPO or MPO is multiple recursive or primitive recursive, respectively, 
cf. 20, lid]. Clearly these function classes are closed under elementary functions. Hence 
by Theorem 14.21 we obtain that the derivational complexity induced by the (basic) de- 
pendency pair method based on LPO (MPO) is multiple recursive (primitive recursive). 
On the other hand for a TRS TZ compatible with KBO we have that dcn belongs to 
Ack(O(n),0), cf. Thus applying the theorem in the context of KBO yields that the 
derivational complexity function induced by the dependency pair method based on KBO 
is majorised by the Ackermann function. Recall that in all three cases the bounds are 



tight (see [20|, llO|, ilJ]) and using the same examples, we obtain tightness of the here 
established bounds. 

To conclude, we consider a version of the Ackermann function, introduced by Hof- 



bauer [iiy in a slightly simpler way, which we denote as TZq. 



\{x) o (y o z) — > f(x, i(a;)) o (i(i(y)) o z) i(x) x 

\{x) o (y o (z o w)) — > f (x, \{x)) o {z o {y o w)) f(2;, y) — > a; 

Notice that TZq is not simply terminating and the derivational complexity of TZq dominates 
the Ackermann function. (The latter follows by the same argument as in [il|.) However, 
termination can be shown easily by the (basic) dependency pair method in conjunction 
with argument filtering and KBO. 

There are nine dependency pairs. For the argument filtering vr, we set 7r(f) = 7r(f^) = 
7r(iS) = 1, 7r(i) = [1], and 7r(o) = 7r(of) = [1,2]. To apply Proposition 12.21 we use 
the reduction pair (^kbO'^kbo) induced by the (admissible) weight function w with 
wq = 1, w{o) = w{o'^) = 1, and w{\) = 0, together with the precedence i >- 0,0". Hence, 
by Theorem l4.2l the derivational complexity of 7^6 belongs to Ack(0(n), 0) and this bound 



is optimal, compare [1J|. 
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